Abstract. We associate to a regular function f on a normal surface germ (S; 0) an invariant, called the topological zeta function, which generalizes the same invariant for a plane curve germ; by de nition it is a rational function in one variable. We study its poles and their relation with the local monodromy of f , in particular we prove the`generalized holomorphy conjecture'. We give a formula for this topological zeta function in terms of the log canonical model of (S; f ?1 f0g), and we also introduce a still more general invariant.
Introduction
(0.1) To f 2 C x 1 ; : : :; x n ] one associates a singularity invariant, called the topological zeta function of f, expressed as follows in terms of an embedded resolution of f ?1 f0g A n . Fix f 2 C x 1 ; : : :; x n ] with f = 2 C and f(0) = 0, and let h : X ! A n be an embedded resolution (with normal crossings) of f ?1 f0g. We denote by E i ; i 2 T, the irreducible components of h ?1 (f ?1 f0g), and by N i and i ?1 the multiplicities of E i in the divisor of f h and h (dx 1^ ^dx n ) on X, respectively. The (N i ; i ); i 2 T, are called the numerical data of the resolution (X; h); we have that N i ; i 2 N n f0g. For I T we set also E I := \ i2I E i and E I := E I n ( j = 2I E j ).
Let ( ) denote the topological Euler{Poincar e characteristic. To f and d 2 N n f0g Denef and Loeser associated in DL1] the topological zeta function ( ) Z are invariants of the germ of f at 0 and f, respectively. The remarkable fact that the de ning expressions do not depend on the chosen resolution was proved in DL1] by expressing them as a limit of Igusa's local zeta functions; recently in DL2] these expressions are also obtained as a specialization of a certain`motivic integral', after an idea of Kontsevich Kon] .
(0.2) Just to motivate the form of the expression ( ) we brie y introduce here Igusa's local zeta function.
Let K be a nite extension of the eld Q p of p{adic numbers, R the valuation ring of K, P the maximal ideal of R, and K = R=P the residue eld with cardinality q. For z 2 K we denote by jzj its absolute value and by ac(z) 2 R its angular component. To f 2 K x] := K x 1 ; : : :; x n ] and a character { : R ! C one associates Igusa's local zeta function Z K;0 (s) := Z P n {(ac f(x))jf(x)j s jdxj; and analogously Z K (s) replacing P n by R n , for Re(s) > 0. Here jdxj denotes the Haar measure on K n , normalized such that R n has measure 1. Igusa I] showed that it is a rational function of q ?s , so it extends to a meromorphic function on C .
When { is induced by a character of K (this is the relevant case) there is under mild conditions the following formula for Z K;0 (s) in terms of an embedded resolution (X; h) of f ?1 f0g A n , see D, x3]. We use the same notation as in (0.1), but with the E i ; i 2 T, now K{irreducible, and we denote the order of { by d. We (0.3) When n = 2 however the independency of the chosen resolution of ( ) is straightforward to verify using the existence of the unique minimal embedded resolution of f ?1 f0g A 2 . In this paper we will extend in dimension 2 the notion of (local) topological zeta function to regular functions f on an arbitrary normal surface germ (S; 0). Fix f with f(0) = 0 and let now h : X ! S be an embedded resolution of f ?1 f0g S. Denote again by E i ; i 2 T, the irreducible components of h ?1 (f ?1 f0g) and by N i the multiplicity of E i in the divisor of f h. The main point of our generalization is to use the so{called log discrepancy i of E i ; i 2 T, de ned by K X = h K S + X i2T ( i ? 1)E i ; where K ( ) denotes the canonical divisor; see (1.2). With these notions we de ne for d 2 N n f0g the topological zeta function Z (d) 0 (s) of f by the same expression ( ) as in (0.1). Now however the i are rational numbers which can be negative and even zero.
(0.4) After verifying our de nition in x1 we will study the poles of this generalized topological zeta function in x2. There are relations with the eigenvalues of monodromy of f, considered as function germ (S; 0) ! (C ; 0). In particular in x3 we prove thè generalized holomorphy conjecture' :
If d 2 N n f0g does not divide the order (as root of unity) of any eigenvalue of the local monodromy of f at any point of f ?1 f0g, then Z In x4 we derive a formula for Z (d) 0 (s) in terms of the log canonical model of (S; f ?1 f0g), which is a certain partial embedded resolution of singularities. In particular an important class of super uous candidate poles ? i N i ; i 2 T, does not occur in this formula. Finally in x5 we treat a natural generalization, based on the following observation : the essential property of ( ), needed for Z (d) 0 (s) to be independent of the chosen resolution, is its additivity on constructible sets. Roughly we will use the class of a variety in the Grothendieck group of algebraic varieties instead of its Euler characteristic. Acknowledgement. We would like to thank C. Hertling and J. Denef for discussing Example 2.5. and (5.7), respectively.
1. Definition (1.1) Let (S; 0) be a normal complex surface germ and f a (nonconstant) regular function on S. For simplicity of notation we assume that f(0) = 0. Take any good (or embedded) resolution h : X ! S of f ?1 f0g S. By this we mean that X is nonsingular, h is a birational morphism, the restriction h jXnh ?1 f0g is an isomorphism, and the divisor h ?1 (f ?1 f0g) has nonsingular irreducible components which intersect normally. Denote by E i ; i 2 T = T e T s the irreducible components of h ?1 (f ?1 f0g), where T e ranges over the exceptional curves and T s over the components of the strict transform of f ?1 f0g, and by N i the multiplicity of E i in the divisor of f h. For i 2 T e set also E i := E i n j6 =i E i .
Moreover let i denote the log discrepancy of E i , i.e.
where for a normal variety V we denote by K V its canonical divisor (class). For i 2 T s we put i = 1.
(1.2) We provide some explanation for the reader who is not familiar with this last concept. On any normal variety there is a well de ned linear equivalence class of canonical Weil divisors. In general however it is not clear how to de ne the pullback of a Weil divisor with respect to a morphism of varieties. Now for surfaces the expression ( ) makes sense because one can give a meaning to h K S , using the idea of Mumford Mu, page 17] . For any Weil divisor D on S he de nes h D asD + P`2 T e a`E`, whereD is the strict transform of D and the a`are uniquely determined rational numbers. In fact they are de ned as solutions of the (quite naturally imposed) linear system of equations (D+ P`2 T e a`E`) E k = 0; k 2 T e , using that the intersection matrix of the E`is negative de nite Mu]. (Of course when (S; 0) is nonsingular this notion agrees with the usual one.) Choosing now representatives of K X and K S which agree on X nh ?1 f0g = S nf0g we obtain ( ). It is important to stress that the i are rational numbers, which can be negative (this is even the general case) or zero.
(1.3) Let ( ) denote the topological Euler{Poincar e characteristic. For any d 2 N n f0g we introduce an invariant associated to (S; 0) and f as follows. Take any good resolution (X; h) of f ?1 f0g S as in (1.1); then the topological zeta function of f is
Remarks. (iii) The curves E i ; i 2 T e , can have arbitrary genus g i ; so (E i ) = 2?2g i ?card(E i \ `6 =i E`). We also have (E i \ E j ) = card(E i \ E j ).
(1.4) We still must prove that this de nition is independent of the chosen resolution (X; h). Since there exists a unique minimal good resolution, and any other good resolution is obtained from it by blowing{up a nite number of points, we only have to show that the de ning expression is invariant under the blowing{up of a point. So let :X ! X be the blowing{up with centre P and exceptional curve E of the good resolution (X; h). When P belongs to exactly one component E 1 the same arguments are valid, putting ( 2 ; N 2 ) = (1; 0) everywhere. 1.5. Remark. The de nition above can be generalized to the case of an arbitrary e ective (Weil) divisor on S instead of the zero divisor of a regular function f.
2. Poles (2.1) When (S; 0) is nonsingular, the poles of Z 0 (S; f; s) are important invariants and are related to the local monodromy of f. In V3] we determined them completely in terms of the geometry of the minimal embedded resolution (X; h) of f ?1 f0g S. 
where g is the genus of E j and i := i ? j N j N i for i = 1; : : :; k.
Fact : When either g = 0 and k = 1 or k = 2, or g = k = 1, then R = 0. This is an immediate consequence of the following lemma, generalizing its well-knowǹ nonsingular version'.
2.3. Lemma. Fix j 2 T e and let E j intersect k times other components E 1 ; : : :; E k . Denote by g the genus of E j and by ? the self{intersection number of E j on X. Then Proof. By de nition we have that P`2 T N`E`= 0 in Pic X and hence P`2 T N`(E` E j ) = 0 in Pic E j . Taking degrees yields (i). Analogously the identity K X = h K S + P`2 T ( `? 1)E`in Pic X Q implies that K X E j = P`2 T ( `? 1)E` E j in Pic E j Q . Again taking degrees and using the adjunction formula we obtain (ii). Finally eleminating from (i) and (ii) gives (iii).
Remark. (i)
The case g = 1 in (2.2) is new; it could of course not occur for nonsingular S. Also one can easily verify that there are no other`immediate' vanishing cases for the residue of a candidate pole.
( (2.6) As mentioned in (2.1) we have for nonsingular (S; 0) that if a candidate pole does not vanish because of the fact in (2.2), then it is a pole. For singular (S; 0) this is no longer true. We mention the following example.
Let (S; 0) be a simple elliptic singularity, i.e. the exceptional divisor of its minimal resolution h : X ! S consists of a nonsingular elliptic curve E. Let f be a function on S such that (X; h) is already a good resolution of f ?1 f0g S. 
Denote by E i ; 1 i k, the irreducible components of f ?1 f0g, as well as their strict transforms in X, and by ? the self{intersection number of E on X. Then by Lemma 2.3 we have that
and the candidate pole 0 = ? N associated to E is no pole.
A concrete example is the germ (fx in M with (E 1 ) = = (E r ) = 0 and (E i 1 ) < 0. From Lemma 2.3(i) it follows easily that N i 1 = nN i 0 , where n is the absolute value of the determinant of the intersection matrix of E i 0 ; E 1 ; : : :; E r (see for example V4, Lemma 2.4]). In particular we have that N i 0 < N i 1 ; for the minimality of the resolution implies that n > 1. We now apply Lemma 3.2 with N i 1 instead of d to the connected components of `2I;N i 1 jN`E`; this yields 4. Formula in terms of the log canonical model (4.1) To a pair (V; D) with V a normal variety and D a reduced Weil divisor on V one can associate a unique`partial embedded resolution of singularities' which is called the log canonical model of (V; D). This notion plays a role in the log version of the Minimal Model Program and is currently known to exist only in dimensions 2 and 3; see for example W, KMM, Kol] for an introduction and other references.
We restrict now immediately to dimension 2; a more detailed explanation can be found in V4, x1]. Our purpose is to derive a formula for the topological zeta function in terms of the log canonical model of (S; f ?1 f0g). where D = 0.) The pair (V; D) is said to be log canonical if for some (or equivalently :
any) good resolution h : Y ! V we have that a j 0 for all j 2 J.
It is easy to see that for a nonsingular surface V the pair (V; D) is log canonical if and only if D has at most (ordinary) nodes as singularities. So to describe all possible log canonical pairs it su ces to know all germs of normal singularities P 2 V such that (V; D) is log canonical, i.e. to know all log canonical surface singularities. These are described in e.g. Al, Ka] ; we list here the possibilities with D 6 = 0 by giving the minimal resolution of P 2 V , which turns out to be also a good resolution of D V .
In the dual graph of a good resolution we denote the exceptional curves by dots, the irreducible components of the strict transform of D by circles, and any intersection by lines connecting the corresponding dots or circles. If P 2 (V; D) is a log canonical surface singularity with D 6 = 0 then its dual resolution graph is one of the following, where r 1 and all exceptional curves are rational with self{intersection number at most ?2, and exactly ?2 for E r+1 and E r+2 in (2). 
These singularities are completely determined by two positive integers n and q which are de ned as the absolute value of the determinant of the intersection matrix of all exceptional curves, and the curves E 1 ; : : :; E r?1 , respectively. (When r = 1 we put q = 1.) The reason in (1) and (1 0 (2) we have that n and q determine the absolute value of the determinant m of the intersection matrix of E 1 ; : : :; E r and then the expansion of m q yields all self{intersections.
We will denote the singularities in (1) or (1 0 ) and in (2) by A n;q and D n;q , respectively. The rst ones are called Hirzebruch{Jung singularities. its singularities and V c from Y by contracting the con gurations of exceptional curves as above to A n;q { and D n;q {singularities.
(4.4) Let now h c : S c ! S be the log canonical model of (S; f ?1 f0g). We denote by F i ; i 2 J = J e J s , the irreducible components of h ?1 c (f ?1 f0g), where J e runs over the exceptional curves and J s over the components of the strict transform of f ?1 f0g. For i 2 J we can de ne analogously as in (1.1) the multiplicities N i and i , which are of course just the multiplicities of the strict transform of F i in the resolution space X of (1.1).
In order to state the formula for the topological zeta function in terms of the log canonical model we partition the contributing locus i2J e F i into the following strata :
(i) the set of smooth curves F i := ((F i ) reg \ (X c ) reg ) n j2J;j6 =i F j ; i 2 J e , (ii) the set P D of all D n;q {singularities of X c , (iii) the set P A of all other points, being the A n;q {singularities of X c and the smooth P 2 X c belonging to two branches of the F`;`2 J. 4.5. Theorem. Using the notation of (4.4) we have
Here P i 2 P A is an A n i ;q i {singularity or smooth (in which case we put n i = 1), and either P i belongs to two branches F i and F 0 i or P i belongs to just one branch F i and then we put formally (N 0 i ; 0 i ) = (0; 1). Also P i 2 P D is a D n i ;q i {singularity and P i 2 F i .
Proof. From the description in (4.2) of the log canonical pairs we see that the minimal good resolution X of f ?1 f0g S is obtained from S c by
(1) blowing{up the nonsingular points which are nodes of some irreducible component F`;`2 J e , and (2) resolving all A n;q {and D n;q {singularities. Outside these points and their inverse images X is isomorphic to S c ; this part of X yields the rst term in the stated formula and the contributions of the smooth P i 2 P A in the second term, except those of (1) Let P i 2 F`be a point as in (1). The contribution of its exceptional curve E in X to Z 0 (s) is 1 + sN (0 + 2 1 `+ sN`) = 1 ( `+ sN`) 2 since by Lemma 2.3 we have that = 2 `a nd N = 2N`. So these points P i yield the remaining contributions in the second term with n i = 1.
We proved in V4, Theorem 3.3] that the contribution to Z 0 (s) of the inverse image in X of the A n i ;q i {singularity P i is as stated, which completes the second term. So what is left to show is that the inverse images in X of the D n i ;q i {singularities P i contribute the third term to Z 0 (s). This is done in Lemma 4.6 below. 4.6. Lemma. Using the notation of (4.4) let P be a D n;q {singularity of S c , and r+2 i=1 E i its inverse image in the minimal good resolution X of f ?1 f0g S. Let Combining (2), (3) and (1) we get + sN = q( r?1 + sN r?1 ) ? ( r + sN r ) = (( ? 1)q ? )( r + sN r ) = n 4 ( r + sN r ): (We tacitly assumed r 2. When r = 1 the proof is just easier.) 4.7. Remark. From Theorem 4.5 the non{contribution result of (2.2) for g = 0 is obvious because these bad candidate poles simply do not occur in the formula. 0 (s) of the inverse images in X of (1) the nonsingular points of S c which are nodes of some F`;`2 J e , and (2) the A n;q { and D n;q {singularities of S c . It is easy to see that the contribution for the points in (1) is as above if and only if djN`and zero otherwise. The contribution of the A n;q {singularities is treated in V4, (3.6)]. We investigate the D n;q {singularities below, leaving then the explicit formula for Z It is clear that in case (iii) the total contribution is zero, and in case (i) as before. In case (ii) only r i=1 E i contributes; looking at the beginning of the proof of Lemma 4.6 we see that this contribution is 1 r + sN r (?1 + q + sN ):
The relation + sN = n 4 ( r + sN r ) then nishes the proof.
5. Generalizations (5.1) The veri cation that our de ning expression for Z 0 (S; f; s) is independent of the chosen resolution relied essentially on the fact that ( ) is additive on constructible sets. Kontsevich Kon] .
(ii) These authors also introduced in DL3] a zeta function for singular S (in fact in any dimension), which is di erent from ours and also generalizes Now clearly ( ev)(Z 0 (s)) = Z 0 (s).
(5.5) The analogues for Z 0 (s) of the vanishing fact in (2.2) for g = k = 1 and of the cancellation of the candidate pole 0 in Example 2.6 are not true. We leave the veri cation of these statements as an exercise. The basic reason is that for an elliptic curve C we have that (C) = 0 but C] 6 = 0 in V.
(5.6) Also for Z 0 (s) we have a formula in terms of the log canonical model S c of (S; f ?1 f0g). The essential problem is the contribution of the A n;q { and D n;q {singulari-ties. Let r i=1 E i be the inverse image of an A n;q {singularity P 2 S c in the minimal good resolution of f ?1 f0g S. Using the notation of (4.4) suppose that P 2 F 0 \F r+1 .
Then considering the analogue of the vanishing fact in (2.2) for g = 0 (which is true !) we expect that the contribution to Z 0 (s) of P is of the form We refer to V4, xx5{6] for a general description of this determinant and the proof that it represents D r in the contribution (y), replacing there formally q by L. In fact in V4] we proved the analogous statement for Igusa's local zeta function. Let now r+2 i=1 E i be the inverse image of a D n;q {singularity P 2 S c in the minimal good resolution of f ?1 f0g S. Using the notation of (4.4) and Lemma 4.6 suppose that P 2 F. Looking at the proof of Lemma 4.6 it is an exercise to verify that the contribution to Z 0 (s) of P is L ? 1 where D r?1 is the determinant above associated to E 1 ; : : :; E r?1 , which is a`L{defor-mation' of q. A solution is to work, instead of in V, in the Grothendieck group M of (the pseudo{ abelian category of) Chow C {motives. Theorem. If d 2 N nf0g does not divide the order (as root of unity) of any eigenvalue of the local monodromy of f at any point of f ?1 f0g, then Z 0 (S; f; s) = 0 for all characters of order d.
We should also mention that analogous to (5.4) Z 0 (s) specializes to Z (d) 0 (s).
(5.8) In a subsequent paper we plan to introduce Z 0 (S; f; s) and Z 0 (S; f; s) for a regular function f on a Q {Gorenstein variety S of arbitrary dimension. Also`forgetting f' we can study a new singularity invariant of a normal surface germ (S; 0).
